L16 Conditions for UMP with two-sided H,

1. Three types of tests covered before Exam 2

(1) Simple Hy and simple H,
Suppose sample X has pdf/pmf f(X; 0) and A = H(X;61)

f(X:00)"
Hy: =0y versus H, : =0,
1 A>k
dp(X)=< r A=k with a= Ey[¢(X)]
0 A<k
is a-level MP test

(2) Simple Hy and one-sided H,
Suppose likelihood has monotone ratio in 7'(X), i.e., A = % is an increasing function
of T(X) for all 6; < 6.

Hy: 0=0yvs H,: 0 <0,
1 T<k

r T=k

0 T >k
with a = Ep, [¢(T)]

is a-level UMP

¢(T) =

Hy:0=0yvs H,: >0,
1 T>k

r T=k

0 T<k
with a = Ep,[¢(T)]

is a-level UMP

¢(T) =

(3) One-sided Hj and one-sided H,
Based on the study on 34(0) for tests in (2), we find that the tests in (2) are also a-level
UMP tests for Hy: 6 > 6y versus H, : 0 < 6y and Hy: 0 < 60y versus H, : 6 > 0.

2. Problems in Exam 2

(1) For Hy: 0 =0y vs H, : 6 =0,

T 1 2 3 4 5 1 A>k
f(x; 6o) 02 02 02 02 02 S(X)=1 r A_k
flx; 61) 01 04 01 01 03 0 A<k
A= fl(x)/fo(x) 0.5 2 0.5 05 1.5

0.05 = Py (A > K) + 1 Py, (A = K).

_ 0.05—Pp,(A>k) _ 0.05— P (A>2)

_ 0.05-0 _

Py, (A=2) 0.2

0.25 X =2
Th“w(X):{ 0 X=1,345

(2) In 3 of Exam 2, X1, ..., X, is a random sample from N (0, o2).

(i) Find T such that the likelihood function has monotone likelihood ratio in 7'
f(X;09)
f(Xs09)
(ii) Find the distribution of T

X1,y X iid N(0, 0%) = 258 0 \2(n) = T(X) = T X2 ~ 0%y(n).

o2

is MP test among all tests with level 0.05.

2 2

= ... = is an increasing function of T(X) = Y, X?




0 = EppealolX)] = Praca(T > ) = Px*) > ) = P (') > ).

1 Zz 1X2>4Xa(n) 3
Thus ¢(X) = { 0 S X2 < 4y (n) is a-level UMP test.

3. A type of test covered after Exam 2

(1) Two-sided H, tests

f(X; 0) = exp[p(0) + q¢(X) + 0T(X)]. So sufficient T has f(t; 6) = a(0)b(t)e.
Hy: 6=04 versus H, : 0§ # 0y
{ 1 T<crorT >cy

r T=corT =cy
0 aa<T <cy
with [, ¢(t)f(t; 60) dt = a and [, ¢(t)[f(t; fo)] dt = 0
is UMP in a-level unbiased test class
(2) Two conditions for ¢(T)
ft f(t; 90 dt =a = E90[¢(T)] = a.
ft f(t; 00)]pdt = [, o b(t)ef ], dt
, ¢<t [z(<§g>f<t 90) + tf(t eo>] dt = 200 o 4 By, [T)(T)]
So [, o(0)[f (t; 60)ly dt <= [, 9(t)t(t; o) dt = — 2t a = Eg,[To(T)] = —£a.
This is one of the problems in HW07

¢(T) =

Ego[¢(T)] = o

Hence the two conditions for ¢(7T") are a' (0
o) { By, [T9(T)) = 458}

Ex: Let ¢(T) = . Then Sy (0y) = a and [By(00)]y = 0, i.e.,

!/
/ Y(t)f(t; 0p) dt = o and / POt 0 dt = — L0,
t t a(bo)
where the second equation
I, w(e)Ef(t; Go) dt %a — [ tf(t; Op)dta = _,(Zz((gf))a
= [ tf(t 0)dt = =%

= By, (T) = —20N

Thus the two conditions for UMP ¢(T) can also be written as

{ Ego[0(T)] = “

Ego[To(T)] = aEy,(T)



L17: Examples of UMP with two-sided H,

1. UMP test of a-level unbiased tests

(1) Modified ¢(T")
Suppose random sample has joint pdf/pmf f(z; 0) = exp[p(0) + q(z) + 6T (x)]. Then

For Hy: 6 = 6y versus H, : 0 # 0q

1 T<crorT>co
¢<T): T T:Ci,i:LQ
0 aa<T<cy

with Eg,[¢(T)] = o and Ep, [T'¢(T)] = aEy,(T)
is UMP a-level unbiased test.

(2) Generalization I
Suppose f(z; 0) = exp[p(0) + q(x) + n(0)T(x)] where n(0) is a 1-1 function.

(i) By reparameterization n = () with ny = n(6o),

For Hy : n=mng versus H, : n # 1o
1 T<crorT >co
p(T)=< ri T=c¢,i=1,2
0 aa<T<ecy
with Ep,[¢(T)] = o and Ey [To(T)] = aEyy(T)

is UMP a-level unbiased test
(ii) Note that n =1y <= 0 =6y and E,(-) = Eg,(-).

For Hy: 0 = 0y versus H, : 6 # 6y

1 T<crorT >cy
gb(T): T T:Ci,i:1,2
0 aa<T<ce

with Eg,[¢(T')] = o and Ep, [T'¢(T)] = aEy, (T')
is UMP a-level unbiased test

2. An example with discrete distribution
(Modified from 6.8 (a) on pl175) Xj, ..., X, is a random sample from Bernoulli(#). For

Hy: 0=0.2versus H, : 6 #0.2
find UMP test in a-level unbiased test class with o = 0.1. Assume n = 10.

(1) A general form
The joint pmf of the sample is

Flao) = TL6%(1—0)1= = 65— gy-To = (127)" (g

= exp|nin(l—-0)+ <1n %) le}
where n = In % is a 1-1 function of § and T'=>_ X; ~ B(n, ). Thus

3



For Hy: 6 = 0.2 versus H, : 0 # 0.2

1 T<crorT>co
p(T)=< r, T=cy,i=1,2
0 ag<T<ec
with Ep—o.2[¢(T)] = 0.1 and Ey—o2[T$(T)] = 0.1 x Eg—.2(T)
is UMP test in a-level unbiased test class with o = 0.2

(2) Find ¢y, co, r1 and 7o
With T' ~ B(10, 0.2), by the first condition on ¢(7T),

01=P(T <c1)+ P(T >c2) +mP(T =c1) +reP(T = ¢2).

So, P(T' < ¢1) <0.1 = ¢; <0 =>¢; = 0. The first condition becomes
0.1= P(T > 02) + 0.10737r1 + TQP(T = 62).

So, P(T > ¢2) < 0.1 = ¢ > 4.
With ¢y = 4, the first condition becomes 0.107377r1 +0.08808r5 = 0.06721 and the second
condition, Ey2[T'¢(T)] = 0.1 x Eyo(T), becomes

10
4ryP(T =4)+ > kP(T =k) =0.1x2, ie,
k=5
0.2 = 42 x0.0881 45 x 0.0264 + 6 x 0.0055 + 7 x 0.0008 4 8 x 0.0001
= 0.35247, + 0.1714.
Solve the equations. We have v5 = 0.0812 and v; = 0.5591.
Thus ¢ =0, co =4, r1 = 0.5591 and ro = 0.0812.

3. An example with continuous distribution
X1,..., Xp, is a random sample from N(u, o3). For

Hy: p= o versus Hy : p # pg
find UMP test in a-level unbiased test class

(1) General form

flx; p) = -+ =exp[p(p) + q(x) + n(p)Z(x)] where n(p) = “f is a 1-1 function of g,
and Z(x) = ig;\’;% ~ N(0, 1?) under Hp : pu = pg. So
s(z)=1 0 a<Z<ec with E,,[¢(Z)] = a and E,,[Z6(Z)] = 0
1 Z<ciorZ>cy #0 -

(2) By Condition 2 on ¢(Z), E,,[Z¢(Z)] = aE,y(Z) = ax 0=0.

So ¢ = —cand ty =c.
(3) By Condition 1 on ¢(Z), ¢ = Z 5.
(4) Result

Hoy @ p= po versus Hy @ p1 # pio

Test Statistic: Z = X~
ao/v/n
Reject Ho if Z < —Zyp or Z > Zy )9




